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Simultaneous Conduction and Radiation
in a Two-Layer Planar Medium

C.-H. Ho* and M. N. Ozisikt
North Carolina State University, Raleigh, North Carolina

The interaction of radiation with conduction is investigated under steady-state conditions for a two-layer, ab-
sorbing, emitting, and isotropically scattering slab with a semitransparent interface. The outer boundaries are
assumed to be black and are subjected to constant but different temperatures. An analytic approach is applied to
solve the radiation part of the problem. A finite difference scheme is used for the solution of the conduction
part. The reflectivities on both sides of the interface, and the relative magnitudes of the radiation and conduc-
tion properties of the layers, have significant effect on the temperature distribution in the medium, as well as on
the proportion of the production and radiation fluxes in the medium. The effects of the conduction-to-radiation
parameter, the single scattering albedo, the optical thickness, and the interface reflectivity on the temperature

distribution and heat flux are examined.

; Nomenclature

a;, =unknown coefficients in the dimensionless inci-
dent radiation

Bj,m,n’

,m  =clements »

E,(2) = exponential integral function

G; = dimensionless incident radiation

H; =dimensionless source term

hi, =known coefficients in the dimensionless source
term

k; =thermal conductivity

Ly =total thickness of the two-layer slab

N; = conduction-to-radiation parameter,
ki/Lo/4n* T3

n = refractive index

Qr = dimensionless conduction heat flux, g°/4n*6T%,

o = dimensionless net radiation heat flux, g"/4n*6 T}

Q! =dimensionless total heat flux, Q°+ Q"

q.q" =conduction and net radiation heat flux, respec-
tively

T; =temperature in the layer i

Tyt =reference temperature

x = spatial coordinate i

o = dimensionless thickness of layer 1

B; = extinction coefficient for layer i

T; =interface transmissivity as viewed from layer i

7 = dimensionless spatial coordinate, x/L,

“ = direction cosine

0; = Tt/ Tref

0; = interface reflectivity as viewed from layer i

[ = Stefan Boltzmann constant

T = optical variable

¥, = dimensionless radiation intensity

w; =single scattering albedo

Subscript

i =1 or 2, referring to the first and second layer,

respectively
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Introduction

VAST amount of work is available in the literature on

simultaneous conduction and radiation for a single-layer
participating medium.!® For the case of a two-layer slab,
some solutions are given for the problem of pure radiation’-;
but, to our knowledge, no work appears on combined conduc-
tion and radiation, despite the fact that such problems have
numerous important applications in a variety of areas, in-
cluding heat transfer through porous insulation layers, semi-
transparent materials and various fibrous and foam insula-
tions, plastics, and paints. The analysis of such problems is
complicated by the coupling of the equations of radiative
transfer and heat conduction. Therefore, the objective of this
work is to present the effects of various parameters on the
temperature distribution and heat flow in simultaneous con-
duction and radiation through a two-layer, planar, semitrans-
parent medium confined between two black outer boundaries.

Analysis

Consider one-dimensional, steady-state, combined conduc-
tion and radiation heat transfer in a two-layer absorbing,
emitting, isotropically scattering, constant property slab sub-
jected to a constant temperature at the outer surfaces. It is
assumed that the interface between the layers reflects and
transmits radiation, but does not absorb or emit radiation.
The mathematical formulation of this problem, in the dimen-
sionless form, is

d?9; 1 dg¥ i 0<n< i1
SN dp in0<y<a, i=
anda<n<l, i=2 (la)

with the boundary conditions

0,=9, at =0 (left boundary) (1b)
0,=0, at p=«a (interface) (1c)
N ((1101 = 2%% at p=co (interface) (1d)
0, =04 at p=1 (right boundary) (le)
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Where various quantities are defined as
0; = T;/ T = dimensionless temperature, i=1,2  (2a)
N; = (k;/L,)/4n*6T3; = conduction-to-radiation parameter
“ i=1,2 (2b)

Q) = (¢})/(4n*8T},) = dimensionless net radiation heat flux

i=12 o)
n=x/L,=dimensionless coordinate (2d)
L, =total thickness of the two layers (2¢e)
o = dimensionless thickness of layer 1 29)

The gradient of dimensionless net radiation heat flux,
dQ{/dn, in Eq. (1) can be expressed as®

er dor

—=L=BiLy——=B:Lo(1-w;)) (84 -G)), i=12 (3
dy dr .

where §3; is the extinction coefficient and w; the single scatter-
ing albedo. The optical thickness 7 is defined as

{ﬁ' 1Lon for0<n<a
r=
(81 —B)Loo+B2Lon

and the dimensionless incident radiation G; (7) is related to the
dimensionless intensity ¥; (7, u) by

fora<p<l @

1 1
Gin=o|  Wnwdn =12 ©)

Here, ¥, (7,p) satisfies the equation of radiative transfer

d !
uE;\I/i(T,u)+‘Ifi(T,u)=H,-(T)+%S_l\Ifi(r,u')du’ (62)

where 0<7<7, for i=1 and 7, <7<7, for i=2 and p is the
cosine of the angle between the positive 7 axis and the direc-
tion of the radiation intensity. The dimensionless source term
H,;(7) is related to the temperature by
Hi(r)=(1—wi)0;*(r), i=1,2 (6b)
We assume black outer boundaries and a semitransparent in-
terface which reflects and transmits radiation, but does not ab-
sorb and emit it. Then the boundary conditions for the equation
of radiative transfer become

¥,(0,n) =6  (left boundary) (6¢)

Y (11,— N =p, %, (71,0) + T, ¥, (7,,— ) (interface) (6d)
Vo (r1,0) =0 ¥y (7, —p) +T ¥ (7,u) (interface)  (6e)

¥,(r,,—p) =04  (right boundary) (6f)
where p; and T'; are the interface reflectivity and transmissiv-
ity, respectively, when viewed from the first layer; and p, and
I', are the interface reflectivity and transmissivity, respective-
ly, when viewed from the second layer. We also assume that p;
and T'; are angular independent and p; +T';=1.0 for i=1,2.
The condition problem given in Egs. (1) and the radiation
problem defined by Eqgs. (6) provide the complete mathemati-
cal formulation for the simultaneous conduction and radia-
tion problem. An iterative scheme is needed to solve this
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system because the energy equation (1a) involves the radiation
heat flux, whereas the equation of radiative transfer, Egs.-(6),
needs the temperature distribution in the medium. Assuming
an initial guess is available for 6, (n), the radiation problem
can be solved by a suitable method. We use the generalization
of the Galerkin method!® to develop a solution for radiation
transfer in an absorbing, emitting, isotropically scattering
two-layer slab. The general procedure is similar to that given
in Ref. 10, but the analysis is more involved. By following the
formalism of this approach, we expand the incident radiation
G;(n) in a polynomial of order X in the powers of 7

K;
Gi(n)= E ai,nTn’ i=1,2 )
n=0

where a;,n are the unknown expansion coefficients. We
assume the source term H;(7n) also can be expressed in a
polynomial of order L; in powers of 7

L;
Hi(D= Y by, =12 ®)
=0

where h;, are the known coefficients.

We apply the Galerkin method to the integral form of the
equation of radiative transfer for a two-layer slab. Omitting
the details of the analysis on the transformation of the equa-
tion of radiative transfer into a system of integral equations
for the incident radiation G;(%) and the application of the
Galerkin method that reduces this sytem into a set of algebraic
equations for the unknown expansion coefficients ; ,, we pre-
sent the resulting system of algebraic equations for the coeffi-
cients g; ,, in the matrix form

Bl,m,n :BZ,m,n al,n dl,m
R i [ M = |- ©)
B3,m,n : B4,m,n a2,n d2,m

elements B, ., j—l 2,3,4, and d; ,,, j=1,2 are listed in Ap-
pendix A.
- Once the expansion coefficients g; , are determined from the

solution of Egs. (9), the net radiation heat flux anywhere in
the medium is obtained from

L

Q’(T)—Zr{04E3(T) ~I,(r)+ Eh”t"[( 1)f+1Ee+3(T)

(= 1yt 1 y A
+ E[ =niG+2) = (T’i Bisalr=n)= (i+2) )]]

1 n i n—i
o et [_—L_
o nlzloal,,,n![( 1>+E,,+3<T)+Z=3 PR

+ (n 1,)! (T?_iEi+3(TI_T)_ (171_21) >]B (102)

for region 1, and

Qo(r) =27 {oﬁEs(Tz —1) +1(7)

+ E by ot E [ CU ((l+2) _Tﬁ_iEi+3(T_T1)>

—i!
) K
1 o-i T )] %2 1
+ =N (7'2 E;\3(ry—7) (i+2) ym nz::oaz,n”-

n —1) n—i .
B G -rten)

i+2

1 i T""'>]} 10b
+m 75 Ei+3(‘fz—7)—i+2 (10b)
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for region 2. Here the E, (z) are the exponential integral func-
tions, and 7, (r) and I, (7) are the integrals for which explicit
analytical expressions are given in Appendix B.

Clearly, given the boundary temperatures §; and 6, the op-
tical thickness, and the single scattering albedo for each layer,
and specifying the interface reflectivity, transmissivity, and
the expansion coefficients A;, for the source term H;(7), the
net radiation heat flux is readily determined anywhere in the
medium from Egs. (10) because the unknown expansion coef-
ficients a;, are available from the solution of Egs. (9).

Once g;, are available the incident radiation G;(7) is com-
puted from the expansion coefficients a;,. The divergence of
the radiation heat flux vector dQ}/dy is determined from Eq.
(3). With the availability of dQf/dy, the energy equation of
Eqgs. (1) is solved by using a finite difference scheme, by
dividing each layer into J; + 1 intervals. Then the heat conduc-
tion problem of Eqs. (1) is transferred into the following
system of algebraic equations

6;j_1—20,;+0;;,,

i=1,2 for region 1 and 2
=A;(0},—G,)) (11a)
j=1,2,...,J; for the nodes

-1

610=0, (11b)
01,J,+1 =0, (110)
N, (01,11 - 01,11 +1)/(An,) = Ny(0:,0 — 05,1/ (An,)  (11d)
0,7, +1=0z (1)
where the parameter A; is defined as
A;=MAB Ly~ w)VN,  i=12 (12)

with the An; being the mesh size. The solution of Egs. (11)
yields the temperature distribution 6;; in the medium.

An iterative scheme was used to solve the energy problem of
Eqgs. (11), together with the transformed radiation problem
given by Eqgs. (9). The number of iterations needed for con-
vergence depended on the radiation properties of the layers. In
general, more iterations were needed with increasing optical
thickness 7; or decreasing conduction-to-radiation parameter
N,;. For a conduction-to-radiation parameter of less than
about 0.5, some oscillations were observed in 4;, and the solu-
tion diverged for NV, less than 0.1. To overcome this difficulty,
an underrelaxation factor was applied to the iterations for
temperature. Then the results converged without any
difficulty.

Special cases of current analysis were compared with those
already available in the literature to validate the present work.
Comparisons made for the case of combined conduction and
radiation in a single-layer slab with reported works,?% and for
the case of pure radiation in a two-layer slab with Ref. 8
showed agreement to three decimal digits.

Results and Discussion

We now present numerical results to illustrate the effects of
various parameters on simultaneous conduction and radiation
in a two-layer slab with black outer boundaries maintained at
constant but different temperatures. The refractive indices of
each medium in a two-layer slab are generally not the same.
As a result, some reflection occurs at the interface. However,
for the cases aimed at illustrating the effects of other
parameters, such as the conduction-to-radiation parameter,
optical thickness, and the single scattering albedo for the
layers, ‘a parameter survey was made by assuming a trans-
parent interface. Later on, we investigated separately the ef-
fects of interface reflectivities.

J. THERMOPHYSICS

Consider the situation in which both layers have equal op-
tical thicknesses, 7, =7, =1.5, and the boundary surfaces at
7=0 and =1 are kept at temperatures #=0.5 and 6= 1.0,
respectively. The effects of a single scattering albedo are ex-
amined by considering the two extreme values w=0and w=1,
respectively, corresponding to purely absorbing and purely
scattering medium. Two different values of the conduction-to-
radiation parameter chosen included N=1 and N=0.01,
representing the conduction dominant and the radiation domi-
nant cases, respectively. Figure 1 shows that when conduction
is dominant (i.e., N=1) in any one of the layers, the variation
of albedo from w=0 to w=1 has a small effect on the
temperature distribution @ in that layer. The reason is that in

Ny N2 wp w2 Qeotal
——— 1.00 0.01 1.0 0.0 0.1020
------ 1.00 0.01 0.0 1.0 0.1146
—— 0.011.00 1.0 0.0 0.1078
————— 0.01 1.00 0.0 1.0 0.0938

0.025 '

0.000 4

Fig. 1 Effects of the conduction-to-radiation parameters and the
single scattering albedo on the temperature distribution and heat flux
for 1y =7, =15, py =p,=0.0, 8, =0.5, and 0, =1.0.
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0.01 3 {

I’

x \\\ /

0.00 3

L A g L] L2 L

0.0 0.2 0.4 0.8 1.0

0.6
n=x/L
Fig. 2 [Effects of the single scattering albedo, w; and w,, on the

temperature distribution and heat flux for N;=N,=0.01,
11=71=1.5, p1=p,=0.0, 6; =0.5, and 65 =1.0.

the conduction dominant layer, a greater proportion of heat
transfer is by conduction. Hence, any change in the radiation
flux resulting from the variation of w does not significantly af-

fect the temperature profile. Note that the temperature profile

for the case w=1 is identical to that for pure conduction
because the conduction and radiation are uncoupled for w=1.
The distribution of the conduction and radiation fluxes in the
medium and the values of the total heat flux Q' =Q° + Q" for
each of the four different cases considered are also presented
in Fig. 1. For the case w =1, both the conduction and radiation
fluxes remain constant in the medium because of the uncou-
pling of conduction and radiation problems. An examination
of the temperature profiles in Fig. 1 reveals that the slope of
temperature is much less for the conduction dominant layer
than the radiation dominant layer. Therefore, the temperature
distribution over the medium becomes lower when the radia-
tion dominant layer is adjacent to the high temperature
boundary.

In Fig. 2, the values of the conduction-to-radiation
parameters are fixed as N; =N, =0.01, the optical thicknesses
are taken as 7, =7, = 1.5, and the boundary surfaces =0 and
n=1 are maintained at §=0.5 and 6= 1.0, respectively. For
this radiation dominant case, the effects of a single scattering
albedo are examined by considering the limiting combinations
w;=0, w, =1 and w; =1, w, =0. The results, presented in Fig.
2, show that the temperature of the layer adjacent to the low-
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1.0
0.8
0.6
0
04
0.2
0.0
0.0
o.lo-:
0.08 3
-QF 0.06
0.08 3
0.02
0.0 0.2 0.4 0.6 0.9 1.0
n=x/L
008 w1 w2 Qgotal
: 0 1.0 0.0904
0.96 5 0.5 0.0903
7 0.0 0.0900
3 9 0.0 0.0884
~Q%o0.00 3 95 0.0 0.0877
0 0.0 0.0866
o.oz—?"~
o.oo-E' . .
0.0 0.2 0.4 0.6 0.8 1.0
n=x/L

Fig. 3 Effects of the single scattering albedo, w; and w,, on the
temperature distribution and heat flux for N;=N,=0.01,
TI=T= 1.5, P1=p2 =0.0, 0L =0.0, and 0R =1.0.

temperature boundary is affected more by the variation of w
than that of the layer next to the high-temperature boundary.
The case when both layers are purely absorbing (w; =w,=0)
is not included in the results of Fig. 2 because the resulting
temperature profile followed the curve for w; =0 in the first
layer, then moved smoothly to the curve for w, =0 in the sec-
ond layer, and then closely followed it. The total heat flux for
the case w; =w, =0 was 0.0796, which was higher than that
shown in Fig. 2.

Figure 3 shows the effect of w, and w, on temperature
distribution and heat fluxes for the case 7, =7,=1.5 and
N, =N,=0.01 when the boundary surface temperature at
n=0 is reduced to #=0. As expected, the radiation effects
become more pronounced for the case with 6=0 at =0 and
0=1 at n=1. This figure shows results for several different
combinations of w; and w,. Note that the temperature profiles
for the intermediate values of w; and w, lie between those for
the two limiting cases of w; =0, w,=1and w, =1, w, =0.

Figure 4 shows the effects of the optical thickness variation
of the layers on the temperature distribution when the total
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0.0% T1 12 Qtotal
p| 3.0 0.0 0.0824
0.03 ‘| ------ 2.4 0.6 0.0813
\ — 1.5 1.5 0.0796
4 —— 0.6 2.4 0.0786
IPCPITE A S—— 0.0 3.0 0.0781
0.01
0.00 . . Y . r r
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4 Effects of the optical thicknesses, 7, and 7,, on the
temperature distribution and heat flux for N;=N,=0.01,
Wy =wy=0.0, py =p, =0.0, 6; =0.5, and 05 =1.0.

optical thickness is kept at 7, + 7, =3. Other parameters are
fixed at N;=N,=0.01, w, =wB,=0. By varying 7, and 7,,
five different combinations of the optical thickness are con-
sidered. The two limiting cases, 7,=0 (r,=3) and 7,=3
(r,=0), correspond to a transparent first and second layer,
respectively. When the layer next to the hot boundary is
transparent, the temperature of the medium is highest. Con-
versely, when the layer next to the cold surface is transparent,
the temperature of the medium is lowest. Temperatures for all
other combinations lie between these two limiting cases.
Figure 5 shows the effect of the interface reflectivities, p,
and p,, on the temperature distribution, net radiative heat
flux, and conductive heat flux for the cases of N; =N, =0.01,
7y=71,=1.5, and w; =w,=0. The case p;=0.5 and p,=0.0
corresponds to an interface that is transparent when viewed
from the second layer, while the case p, =0 and p,=0.5
represents an interface, that is transparent when viewed from
the first layer. The highest and lowest radiation fluxes occur,
respectively with the cases p; =0.5, p,=0.0 and p,=0.0,
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e
o
o
aaal o,

0.0 0.2 0

4 0.6 0.8 1.0
n=x/L

Fig. 5 Effects of the interface reflectivities, p; and p,, on the
temperature distribution and heat flux for N;=N,=0.01,
71=1 =15, w; =w,; =0.0, 8; =0.5, and 0, =1.0.

p, =0.5. Since the radiation flux is in the negative 7 direction,
any increase in the value of p, at the interface reflects the
radiation back, hence reducing the radiation flux. For pur-
poses of comparison, heat transfer results are given for both a
completely transparent interface (p; =p, =0) and an interface
which has some reflectivity at both sides (p; =p, =0.5).

The dimensionless temperatures and heat fluxes are
presented in Tables 1 and 2, respectively, at several different
locations, for various combinations of optical thicknesses,
single scattering albedo, and conduction-to-radiation para-
meters for the case 7,+7,=3.0. The effects of optical
thickness and single scattering albedo are more pronounced
for small values of N, and N,; that is, when radiation is domi-
nant. For given values of N, N,, w,, and w,, the total heat
flux is maximum when 7, is largest.

All numerical computations were performed with an IBM
4341 computer. The CPU time required to produce each case
in Tables 1 and 2 varied from about 2 min, for N=1, to about
12 min, for N=0.01.
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Table 1 Dimensionless temperature at different locations for various combinations of
Nl’ Nz, T1s T3y @1, and Wy with P1=pm =0.0, 0L =0-5, and 0R =1.0

Temperature 0

N =N, 7 Ty W] wy 7=0.25 0.50 0.75
0 0 0.6402 0.7693 0.8849
2.4 0.6 0 0.95 0.6393 0.7672 0.8836
0.95 0 0.6321 0.7613 0.8828
0 0 0.6336 0.7599 0.8801
1.0 1.5 L5 0 0.95 0.6328 0.7581 0.8790
0.95 0 0.6295 0.7577 0.8802
0 0 0.6278 0.7519 0.8758
0.6 2.4 0 0.95 0.6276 0.7517 0.8757
0.95 0 0.6261 0.7518 0.8762
0 0 0.7169 0.8521 0.9219
2.4 0.6 0 0.95 0.7137 0.8460 0.9224
0.95 0 0.6743 0.8224 0.9182
0 0 0.6824 0.8053 0.8990
0.1 L5 L5 0 0.95 0.6794 0.7998 0.8987
0.95 0 0.6540 0.7958 0.9008
0 0 0.6464 0.7603 0.8781
0.6 2.4 0 0.95 0.6454 0.7611 0.8787
0.95 0 0.6316 0.7596 0.8803
0 0 0.8023 0.9097 0.9409
2.4 0.6 0 0.95 0.8006 0.9065 0.9469
0.95 0 0.7693 0.9029 0.9427
0 0 0.7556 0.8440 0.9103
0.01 L5 1.5 0 0.95 0.7535 0.8410 0.9114
0.95 0 0.7140 0.8430 0.9130
0 0 0.6957 0.7650 0.8790
0.6 2.4 0 0.95 0.6937 0.7679 0.8763
0.95 0 0.6489 0.7664 0.8815

Table 2 Dimensionless heat fluxes at different locations for various combinations of Ny, IV,, 1, 75, @y, and w,
with p; =p, =0.0, §; =0.5, and 0 =1.0

Radiation heat flux Q" Conduction heat flux Q¢ Total flux

Ny=N, 1, 1, W) w, 7=0.25 0.5 0.75 =025 0.5 0.75 o'=0-0Q°
0 0 0.0190  0.1196 0.1181  0.5757  0.4751 0.4766 0.5947
24 06 O 0.95 0.0188 0.1244  0.1244  0.5722  0.4666  0.4666 0.5910
095 0 0.0499 0.0719  0.1015 0.5322  0.5102  0.4806 0.5821
0 0 0.0289  0.0862 0.0768  0.5490  0.4917 0.5011 0.5779
1.0 1.5 15 0 0.95 0.0291 0.0907 0.0897  0.5463  0.4847  0.4857 0.5754
095 0 0.0533 0.0623  0.0742  0.5200  0.5110  0.4991 0.5733
0 0 0.0527 0.0803  0.0567 0.5222 0.4946  0.5182 0.5749
06 24 0 0.95 0.0513 0.0766  0.0725  0.5209  0.4956  0.4997 0.5722
095 0 0.0670  0.0696 0.0560  0.5052  0.5026  0.5162 0.5722
0 0 0.0294  0.1034 0.0932  0.1074  0.0334  0.0436 0.1368
24 06 O 0.95 0.0287 0.1035  0.1024 0.1057 0.0309  0.0320 0.1344
095 0 0.0554 0.0754  0.0860 0.0738 0.0538  0.0432 0.1292
0 0 0.0374  0.0859 0.0700  0.0902  0.0417  0.0576 0.1276
0.1 15 15 0 0.95 0.0366  0.0853 0.0829  0.0886  0.0399  0.0423 0.1252
095 0 0.0596 0.0686  0.0675  0.0639  0.0549 0.0560 0.1235
0 0 0.0555 0.0802 0.0580  0.0695  0.0448  0.0670 0.1250
06 24 0 0.95 0.0538 0.0760  0.0716  0.0687  0.0465  0.0509 0.1225
095 0 0.0691 0.0717  0.0568  0.0535  0.0509  0.0658 0.1226
0 0 0.0498 0.0793  0.0734  0.0315 =~ 0.0020  0.0079 0.0813
24 06 O 0.95 0.0492 0.0789  0.0777 0.0313 0.0016  0.0028 0.0805
095 O 0.0643 0.0750  0.0711 0.0144 0.0037  0.0076 0.0787
) 0 0 0.0543 0.0766  0.0675  0.0253  0.0030  0.0121 0.0796
0.01 1.5 1.5 0 0.95 0.0535 0.0758  0.0737 0.0251 0.0028 = 0.0049 0.0786
095 0 0.0667 0.0732  0.0657 0.0108 0.0043  0.0118 0.0775
0 0 0.0620 0.0753  0.0636 0.0166 0.0033  0.0150 0.0786
06 24 0 0.95 0.0610  0.0733  0.0707 0.0164  0.0041  0.0067 0.0774

095 0 0.0704 0.0727  0.0625 0.0068 0.0045  0.0147 0.0772
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Appendix A: Elements of the Matrix Equation (9)

m

1 o ameg ‘ , .
dl,m=27r{0‘1tm!l:(m+2 _jg;) (ml__j)!Ej+3(Tl)) +py ((‘1)m+1Em+3(2f1) jz% (m— (—1)’+ /+3(Tl))]
m m Ly Ly
+ 64T, m! [(— DB, 3(12) — Z;) e +3(Tz°7'1)] Y hralPre+ Tl + EhuUmJ} Al
J= =0 =0

= m! ) ) ) [ & . o
d2,m=27r{02111 E(——)T[ Ej+3(71)—75"_’Ej+3(Tz)]+0‘1‘em'[ E j), ( _Ej+3(7'z_7'1)—75"_’Ej+3(272—27'1))
Jj=0 j=0

m i —i Ly
,(_1)1+1(mj 7-5" l)] . . }
—_— ~E; -7~ + ) h Vot h; +R A2
+j§0 (m—p)! 1T E}3(7,— 7)) j+2 t;) Le¥ me g 3,00+ Ry (A2)
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Appendix B: Analytic Expressions of Integrals I,(7) and I,(7) in Equations (10)
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